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Ŝijk
)
, 0 6 i, j, k 6 m,
s` xS .  $ nF,)H1 . :!1ﬁﬀ'!Nﬃ! #1:L % !Nﬃ-ﬀﬂ 
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Ŝijk =
(
xˆ
(i)
1 , xˆ
(j)
2 , xˆ
(k)
3
)
B>a:6"
0 6 i, j, k 6 m
]!',ﬃ! '!N/6F,"ﬂﬃ! .  $ ;78ﬃ!'ﬀ'!Nﬃ! ;/ 
Qm(T̂ )
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Ŝ1 = (−1,−1,−1), Ŝ5 = (−1,−1, 1),
Ŝ2 = ( 1,−1,−1), Ŝ6 = ( 1,−1, 1),
Ŝ3 = ( 1, 1,−1), Ŝ7 = ( 1, 1, 1),
Ŝ4 = (−1, 1,−1), Ŝ8 = (−1, 1, 1),
ZM!B 9^
 ,ﬀ .  S [78ﬃ!'ﬀ'!Nﬃ! #/2 <>1 ' R/ 
Q1(T̂ )
Z`/2 /2!N+ ,ﬃ! '!Nﬃ
8
^n 9ﬃ-ﬀ
ϕ̂
(1)
1 (xˆ) =
1
8 (1− xˆ1)(1− xˆ2)(1− xˆ3), ϕ̂
(1)
5 (xˆ) =
1
8 (1− xˆ1)(1− xˆ2)(1 + xˆ3),
ϕ̂
(1)
2 (xˆ) =
1
8 (1 + xˆ1)(1− xˆ2)(1− xˆ3), ϕ̂
(1)
6 (xˆ) =
1
8 (1 + xˆ1)(1− xˆ2)(1 + xˆ3),
ϕ̂
(1)
3 (xˆ) =
1
8 (1 + xˆ1)(1 + xˆ2)(1− xˆ3), ϕ̂(1)7 (xˆ) = 18 (1 + xˆ1)(1 + xˆ2)(1 + xˆ3),
ϕ̂
(1)
4 (xˆ) =
1
8 (1− xˆ1)(1 + xˆ2)(1− xˆ3), ϕ̂
(1)
8 (xˆ) =
1
8 (1− xˆ1)(1 + xˆ2)(1 + xˆ3).
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S1, . . . , S8
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F
(1)
T : T̂ −→ T, F (1)T (xˆ) =
8∑
i=1
Siϕ̂
(1)
i (xˆ).
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S1, . . . , S8
t&^r(s ﬃ
Oq x,q!{ v*xrJrpﬁDGx,{`rJt$ yqG^v'^Gxq>{
T
{|u(s`tﬁs 4x,q6r(s`pHq>q x,v}SYXMpﬁs u  UOyu&x  4V  v*xrb)zx(rtx
T
r,pHq>{wq>y^,u&pH{ ^x(rpHQ4xr(ys {c
zx Q@pHQ4x,{|r  [v*zﬁq
K1 S1 S2 S6 S5 xˆ2  −1
K2 S2 S3 S7 S6 xˆ1  1
K3 S3 S4 S8 S7 xˆ2  1
K4 S1 S5 S8 S4 xˆ1  −1
K5 S1 S4 S3 S2 xˆ3  −1
K6 S5 S6 S7 S8 xˆ3  1
ﬀﬂﬁﬃ
M!B 6B

. F,+ ,ﬃ-ﬀﬂ #f!ﬃ!2 

QzHq!r0v*z=t9xu(q>su&x ﬂpﬁv*pHq>q xGtﬁy{~z ﬀ,v*x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
v*zHq pHq>{cx,q zﬁq!{nv*z )z9ﬂx ﬂpﬁu(u&xrﬃ

pHqtzﬁq!{~xQt9x
T̂

ed d' j n `~w`t q ,tr qzru.rp~w`t r<s t.thwUn uhw qex?w
Q2
Cx $ #ﬃ:!/6 #/2 
T̂
 9ﬃ9ﬀ; ' $ # &+4+ ﬀ Z8)>!*"Z0M6B^&^(]
Ŝi, 1 6 i 6 8,
.  $ ;+F! . !# $:L/2  ' $ #1" ,ﬀ' $ $]
Ŝ9 = ( 0,−1,−1)= 12
(
Ŝ1 + Ŝ2
)
, Ŝ13 = ( 0,−1, 1)= 12
(
Ŝ5 + Ŝ6
)
,
Ŝ10 = ( 1, 0,−1)= 12
(
Ŝ2 + Ŝ3
)
, Ŝ14 = ( 1, 0, 1)=
1
2
(
Ŝ6 + Ŝ7
)
,
Ŝ11 = ( 0, 1,−1)= 12
(
Ŝ3 + Ŝ4
)
, Ŝ15 = ( 0, 1, 1)=
1
2
(
Ŝ7 + Ŝ8
)
,
Ŝ12 = (−1, 0,−1)= 12
(
Ŝ4 + Ŝ1
)
, Ŝ16 = (−1, 0, 1)= 12
(
Ŝ8 + Ŝ5
)
,
Z0M6B \-^
Ŝ17 = (−1,−1, 0)= 12
(
Ŝ1 + Ŝ5
)
,
Ŝ18 = ( 1,−1, 0)= 12
(
Ŝ2 + Ŝ6
)
,
Ŝ19 = ( 1, 1, 0)=
1
2
(
Ŝ3 + Ŝ7
)
,
Ŝ20 = (−1, 1, 0)= 12
(
Ŝ4 + Ŝ8
)
,
Z0M6B X^
.
 $ ;+F!
.
!# $:L/2  ' $ [7`19'	 $ $]
Ŝ21 = ( 0, 0,−1)= 14
(
Ŝ1 + Ŝ4 + Ŝ3 + Ŝ2
)
,
Ŝ22 = ( 1, 0, 0)=
1
4
(
Ŝ2 + Ŝ3 + Ŝ7 + Ŝ6
)
,
Ŝ23 = ( 0, 0, 1)=
1
4
(
Ŝ5 + Ŝ6 + Ŝ7 + Ŝ8
)
,
Ŝ24 = (−1, 0, 0)= 14
(
Ŝ1 + Ŝ5 + Ŝ8 + Ŝ4
)
,
Ŝ25 = ( 0,−1, 0)= 14
(
Ŝ1 + Ŝ2 + Ŝ6 + Ŝ5
)
,
Ŝ26 = ( 0, 1, 0)=
1
4
(
Ŝ3 + Ŝ4 + Ŝ8 + Ŝ7
)
,
Z0M6B
O
^
 ,ﬀ 9ﬃ' ,ﬃ-ﬀ&" 
Ŝ27 = (0, 0, 0) =
1
8
8∑
i=1
Ŝi.
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Q2(T̂ )
 
Cx $ [78ﬃ>'(ﬀ'!Nﬃ> 
α1(t) = −1
2
t(1− t), α2(t) = (1 + t)(1− t), α3(t) = 1
2
(1 + t)t,
ZM6B M9^
)9F,"!if>1ﬃ-ﬀ
α1(−1) = 1, α1(0) = 0, α1(1) = 0,
α2(−1) = 0, α2(0) = 1, α2(1) = 0,
α3(−1) = 0, α3(0) = 0, α3(1) = 1,
%~ ,"ﬂ+ ﬀﬀ ,ﬃ-ﬀ#/@?  ,L%6"'!N+ ,"w7`1'	!
.
 ,+ ,ﬃ-ﬀ
.
 S l789ﬃ!'(ﬀ!*9ﬃ! / <!19 / J/2 
Q2(T̂ )
Z`/ E/2!N+ ,ﬃ! '!*9ﬃ
27
^(]
bϕ
(2)
1 (xˆ) = α1(xˆ1)α1(xˆ2)α1(xˆ3), bϕ
(2)
10 (xˆ) = α3(xˆ1)α2(xˆ2)α1(xˆ3), bϕ
(2)
19 (xˆ) = α3(xˆ1)α3(xˆ2)α2(xˆ3),
bϕ
(2)
2 (xˆ) = α3(xˆ1)α1(xˆ2)α1(xˆ3), bϕ
(2)
11 (xˆ) = α2(xˆ1)α3(xˆ2)α1(xˆ3), bϕ
(2)
20 (xˆ) = α1(xˆ1)α3(xˆ2)α2(xˆ3),
bϕ
(2)
3 (xˆ) = α3(xˆ1)α3(xˆ2)α1(xˆ3), bϕ
(2)
12 (xˆ) = α1(xˆ1)α2(xˆ2)α1(xˆ3), bϕ
(2)
21 (xˆ) = α2(xˆ1)α2(xˆ2)α1(xˆ3),
bϕ
(2)
4 (xˆ) = α1(xˆ1)α3(xˆ2)α1(xˆ3), bϕ
(2)
13 (xˆ) = α2(xˆ1)α1(xˆ2)α3(xˆ3), bϕ
(2)
22 (xˆ) = α3(xˆ1)α2(xˆ2)α2(xˆ3),
bϕ
(2)
5 (xˆ) = α1(xˆ1)α1(xˆ2)α3(xˆ3), bϕ
(2)
14 (xˆ) = α3(xˆ1)α2(xˆ2)α3(xˆ3), bϕ
(2)
23 (xˆ) = α2(xˆ1)α2(xˆ2)α3(xˆ3),
bϕ
(2)
6 (xˆ) = α3(xˆ1)α1(xˆ2)α3(xˆ3), bϕ
(2)
15 (xˆ) = α2(xˆ1)α3(xˆ2)α3(xˆ3), bϕ
(2)
24 (xˆ) = α1(xˆ1)α2(xˆ2)α2(xˆ3),
bϕ
(2)
7 (xˆ) = α3(xˆ1)α3(xˆ2)α3(xˆ3), bϕ
(2)
16 (xˆ) = α1(xˆ1)α2(xˆ2)α3(xˆ3), bϕ
(2)
25 (xˆ) = α2(xˆ1)α1(xˆ2)α2(xˆ3),
bϕ
(2)
8 (xˆ) = α1(xˆ1)α3(xˆ2)α3(xˆ3), bϕ
(2)
17 (xˆ) = α1(xˆ1)α1(xˆ2)α2(xˆ3), bϕ
(2)
26 (xˆ) = α2(xˆ1)α3(xˆ2)α2(xˆ3),
bϕ
(2)
9 (xˆ) = α2(xˆ1)α1(xˆ2)α1(xˆ3), bϕ
(2)
18 (xˆ) = α3(xˆ1)α1(xˆ2)α2(xˆ3), bϕ
(2)
27 (xˆ) = α2(xˆ1)α2(xˆ2)α2(xˆ3).
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S1, . . . , S8
 ﬀ
F
(1)
T : T̂ −→ T, F (1)T (xˆ) =
8∑
i=1
Siϕ̂
(1)
i (xˆ)
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1 6 i 6 8
 9ﬃ9ﬀ .  $ ;78ﬃ!'ﬀ'!Nﬃ! /2 <!19 / 0/ 
. ?  $ &%!1' 
Q1(T̂ )
Z8)9!N"QZ
 
B 9^^B>a9:6"'ﬃ> /!2/F," ,"
T
'9+4+F D:6ﬃF . F$+ ,ﬃ-ﬀR/ 0ﬀUOP%~ 
Q2
]
ﬃ!:! ;',ﬃ! ﬀ&"ﬂ:!2 9ﬃ! .  S n%>>!*ﬃ-ﬀ 
Si = F
(1)
T (Ŝi) ∈ T, 9 6 i 6 27.
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F
(2)
T : T̂ −→ T, F (2)T (xˆ) =
27∑
i=1
Siϕ̂
(2)
i (xˆ),

ϕ̂
(2)
i
]
1 6 i 6 27
 9ﬃ9ﬀ .  S 78ﬃ!'ﬀ'!Nﬃ! n/2 J<!1 ' E/ . ?  $ &%!1' 
Q2(T̂ )
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B 9^&^(]B $ ﬀ
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F
(1)
T
]s` xS
F
(1)
T = F
(2)
T .
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Q1(T̂ )
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Q2(T̂ )
B
ed dc j n `~w`t q ,tr  rur~w`t 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K̂ = [−1, 1]× [−1, 1].
Cw?  S %>1'	 R)> $'(ﬀﬂ"!# 
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'ﬃ> /!2/F,"ﬂF]
Qm(K̂) =
{
ϕ̂ : K̂ → R : ϕ̂  S Uﬀ;%  . OPﬃ	+!21 .  /2 /2 ,o9"&F
!*ﬃ78F$"'!= ,:!"#:F,o91
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(m+ 1)2
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K̂
 &ﬃ-ﬀ
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 S 
(m+ 1)2
% !Nﬃ9ﬀ 
Ĉ
(m)
ij = Ĉij =
(
2i
m
− 1, 2j
m
− 1
)
, 0 6 i, j 6 m,
 ,ﬀ
.
 S 
(m+ 1)2
78ﬃ>'(ﬀ'!Nﬃ> #/2 <!1 ' 
ψ̂
(m)
ij (xˆ) = ψ̂ij(xˆ) = cij ·
∏
l1 6=i
(
xˆ1 − xˆ(l1)1
)
·
∏
l2 6=j
(
xˆ2 − xˆ(l2)2
)
, 0 6 i, j 6 m,

.
 S 
cij
 &ﬃ-ﬀ
.
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ψ̂i1j1
(
Ĉi2j2
)
= δi1i2δj1j2 .
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F$+F $ﬃ-ﬀ
T
/2 
τh
/2 ﬀUOP%T 
Qm
/2 0 &+4+ ﬀ 
Sijk
]
0 6 i, j, k 6 m
B
C	" &I-: 
.
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T ∩ Γs  S Uﬀ;:6ﬃ F . F$+F $ﬃ-ﬀ K /2 τs,h / RﬀUO-%~ 
Qm
/2 Rﬃ:!/6 
C
(m)
ij = Cij = Sijm, 0 6 i, j 6 m.
Z
 
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 
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Cw? F . F$+F $ﬃ-ﬀ
K
/ EﬀUOP%~ 
Qm
 $ ﬀ . ? !N+G1ﬁo /2 . ? 1%6% . !N'$1Hﬀ!*9ﬃ
F
(m)
K = FK : K̂ −→ K, FK(xˆ) =
m∑
i,j=0
Cij ψ̂ij(xˆ),
I-:!m $ﬃP)!= 
Ĉij
 :6"
Cij
]
0 6 i, j 6 m
6ﬃ6:> #1M)ﬃ> 
ψ̂
(m)
ij = ϕ̂
(m)
ijm
∣∣∣
bT∩{xˆ3=1}
, 0 6 i, j 6 m
Z
 
BNWWS^
F
(m)
K = F
(m)
T
∣∣∣
bT∩{xˆ3=1}
.
Z
 
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 ﬃ6:!) $1:]x $ﬃ %6"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!Nﬃ!/2! ,1o B lLP% . !2'	!*ﬀ&9ﬃ! .  S ;',19 
m = 1
 ﬀ
m = 2
B
 d  d  j!n `~w`t q,tr  ,rur~w`t rs>t.t.w`n u.wKqex?w
Q1
Cx $ nﬃ:!/! #/2 
K̂
 9ﬃ9ﬀ; ' $ # &+4+ ﬀ ,]
Ĉ1 = (−1,−1),
Ĉ2 = ( 1,−1),
Ĉ3 = ( 1, 1),
Ĉ4 = (−1, 1)
Z
 
BNW -^
 ,ﬀ
.
 S [78ﬃ!'ﬀ'!Nﬃ! #/2 <>1 ' R/ 
Q1(K̂)
Z`/2 /!*+ ,ﬃ> /!Nﬃ
4
^n &ﬃ-ﬀ
ψ̂
(1)
1 (xˆ) =
1
4 (1− xˆ1)(1− xˆ2),
ψ̂
(1)
2 (xˆ) =
1
4 (1 + xˆ1)(1− xˆ2),
ψ̂
(1)
3 (xˆ) =
1
4 (1 + xˆ1)(1 + xˆ2),
ψ̂
(1)
4 (xˆ) =
1
4 (1− xˆ1)(1 + xˆ2).
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K ∈ τs,h /2 ﬃ:>/6 Z` &+4+ ﬀ ﬂ^ C1, . . . , C4 ]ﬃ6:> ;1M)9ﬃ! 
F
(1)
K : K̂ −→ K, F (1)K (xˆ) =
4∑
i=1
Ciψ̂
(1)
i (xˆ).
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F . F,+ ,ﬃ-ﬀ
<?!N/2!N+ ,ﬃ! '!Nﬃ6ﬃ . /2 RﬀUOP%~ 
Q1
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 
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C1 = S5, C2 = S6, C3 = S7, C4 = S8.
ed d
 
j n `~w`t q ,tr  rur~w`t  rs>t.t.w`n u.w qex?w
Q2
Cx $ #ﬃ:!/6 #/2 
K̂
 &ﬃ-ﬀ; / S # 9+Q+ ,ﬀﬂ Z8)9!N"Z
 
BNW -^^]
Ĉi, 1 6 i 6 4,
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2 (xˆ) = α3(xˆ1)α1(xˆ2), ψ̂
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5 (xˆ) = α2(xˆ1)α1(xˆ2), ψ̂
(2)
8 (xˆ) = α1(xˆ1)α2(xˆ2),
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3 (xˆ) = α3(xˆ1)α3(xˆ2), ψ̂
(2)
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9 (xˆ) = α2(xˆ1)α2(xˆ2).
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P0(x) = 1, P
′
0(x) = 0,
P1(x) = x, P
′
1(x) = 1,
P2(x) =
3
2x
2 − 12 , P ′2(x) = 3x,
P3(x) =
5
2x
3 − 32x, P ′3(x) = 152 x2 − 32 ,
P4(x) =
35
8 x
4 − 154 x2 + 38 , P ′4(x) = 352 x3 − 152 x.
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1 x1 = 0 a1
 2 E 6 1/3 ·M1
2 x1 =
p
1/3 ≈ 0.57735 a1
 1 E 6 1/135 ·M2
x2 = −
p
1/3 ≈ −0.57735 a2
 1 ≈ 7.4074

− 03 ·M2
3 x1 =
p
3/5 ≈ 0.77460 a1
 5/9 ≈ 0.55556 E 6 1/15750 ·M3
x2 = 0 a2
 8/9 ≈ 0.88889 ≈ 6.3492

− 05 ·M3
x3 = −
p
3/5 ≈ −0.77460 a3
 5/9 ≈ 0.55556
4 x1 ≈ −0.86114 a1 ≈ 0.34786 E . 2.8795

− 07 ·M4
x2 ≈ −0.33998 a2 ≈ 0.65215
x3 ≈ 0.33998 a3 ≈ 0.65215
x4 ≈ 0.86114 a4 ≈ 0.34786
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